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Abstract
Recent NICER observation data on PSR J0030+0451 has recently added a unique mass-radius constraint
on the properties of the superdense nuclear matter existing in the interior of compact stars. Such a
macroscopic data restrict further the microscopical models, elementary interactions, and their parameters,
however, with reasonable margin because of the masquarade problem. Here our goal is to identify the
origin and quantify the magnitude of the theoretical uncertainties of the nuclear matter models.
A detailed study on the effect of different interaction terms and the nuclear parameter values in the
Lagrangian of the extended σ-ω model is presented here. The equation of state was inserted to the
Tolman –Oppenheimer –Volkoff equation and observable parameters of the neutron star were calculated.
We identified, that the optimal Landau effective mass is the most relevant physical parameter
modifying the macroscopic observable values. Moreover, the compressibility and symmetry energy terms
just generate one-one order of magnitude smaller effect to this, respectively. We calculated the linear
relations between the maximal mass of a compact star and these microscopic nuclear parameter values
within the physical relevant parameters range. Based on the mass observational data we estimated
the magnitude of the radii of PSR J1614−2230, PSR J0348+0432, and PSR J0740+6620 including
theoretical uncertainties arising from the models’ interaction terms and their parameter values choices.
Keywords: Dense matter – Stars: neutron – Equation of state – Astroparticle physics
1 INTRODUCTION
The inner structure of compact astrophysical objects,
such as magnetars, neutron stars, and perhaps quark or
hybrid stars is an active multidisciplinary research area
between astrophysics, gravitational wave physics, and
nuclear physics. Recent NICER’s measurement of the
pulsar PSR J0030+0451 by Riley et al. (2019) provided
a new constraint on the properties of the superdense
nuclear matter existing in the interior of compact stars.
With such a precise observational data on mass and ra-
dius, nuclear matter modeling can be further restricted
and one can achieve better consistency of the effective
theories at microscopic level, applied widely to describe
this dense region. Parameters corresponding to effective
models are the interaction types, couplings, degrees of
freedoms, and particle masses determine the macroscopic
observables. However the opposite direction, i.e. deduc-
ing microscopical parameters form the macroscopic star
properties, is not straightforward due to the masquarade
problem, and has relevant uncertainties.
Beside NICER, further observatories: eROSITA,
ATHENA, and SKA aim to measure the properties of
compact stars NASA (2017); Ozel et al. (2016b); Mer-
loni et al. (2012); Athena Collaboration (2019); Watts
et al. (2015), and on the other hand, the discovered
gravitational waves provide a channel to probe the inner
structure of these celestial objects: Abbott et al. (2017,
2018); Rezzolla & Takami (2016). These observations
are especially important for the theoretical description
of the dense nuclear matter, because: matter in this
state can not be produced in particle accelerators, and
first-principle calculations based on lattice field theory
are still challenging at high chemical potentials present
in compact stars Guenther et al. (2017); Günther, Jana
et al. (2017); Endrődi et al. (2018). Because of the above
mentioned difficulties, effective theories still play an im-
portant role in studying the properties of cold dense
nuclear matter Holt et al. (2016); Kojo (2017). Astro-
physical measurements concerning compact stars can
place constraints on these effective models and its param-
eter values in the region characterized by high density
and low temperature Ozel et al. (2016a); Raithel et al.
(2017).
Recent studies show the importance of the correct
handling of the bosonic sector in effective theories of nu-
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clear matter by Barnaföldi et al. (2017); Kovács & Szép
(2007); Pósfay et al. (2018); Takátsy et al. (2019). In this
paper we study the connection between the parametriza-
tions of effective nuclear models and measurable prop-
erties of compact stars. We also provide the theoretical
uncertainties coming from the nuclear matter model
types and their parameter values choice. Following the
analysis in Pósfay et al. (2018, 2019) we employ sev-
eral modified versions of the σ-ω model in Glenden-
ning (1997); Schmitt (2010); Boguta & Bodmer (1977);
Boguta (1981); Boguta & Stoecker (1983) which has
three types of interaction terms in the bosonic sector.
After calculating the equation of state (EoS) correspond-
ing to different parametrizations of these models the
mass-radius (M -R) diagrams are calculated by solving
the Tolman –Oppenheimer –Volkoff (TOV) equations.
Finally, we show how sensitive the M -R diagram is to
the differences in the bosonic sector and how the prop-
erties of compact stars (mass and radius) influenced by
different saturation parameters of nuclear matter.
2 EXTENDED σ-ω MODEL IN MEAN
FIELD APPROXIMATION
The extended σ-ω model describes the basic degrees of
freedom which assumed to be present in neutron stars:
protons, neutrons electrons in β-equilibrium. It also has
enough – but not too many – parameters to facilitate
the basic properties of the nuclear force by reproducing
the saturation properties of the infinite nuclear matter.
The Lagrange-function corresponding to the extended
σ-ω model is
L =Ψ (i/∂ −mN + gσσ − gω /ω + gρ/ρaτa)Ψ+
+ 12 σ
(
∂2 −m2σ
)
σ − Ui(σ)
− 14 ωµνω
µν + 12m
2
ω ω
µωµ
− 14ρ
a
µν ρ
µν a + 12m
2
ρ ρ
a
µ ρ
µa
+ Ψe
(
i/∂ −me
)
Ψe ,
(1)
where Ψ = (Ψn,Ψp) is the vector of proton and neu-
tron fields, mN , mσ, and mω are the fermion, the sigma,
and the omega meson masses and gσ, gω, and gρ are
the Yukawa couplings corresponding to the σ-nucleon,
ω-nucleon, and ρ-nucleon interactions respectively. Fur-
thermore,
ωµν = ∂µων − ∂νωµ ,
ρaµν = ∂µρaν − ∂νρaµ + grhoabcρbµρcν
(2)
are the kinetic terms corresponding to the ω and ρ
meson. Here Ui(σ) is a general interaction term, which
is different for the variants of the σ-ω model studied
here for certain ’i’ values:
U3(σ) = λ3σ3 ,
U4(σ) = λ4σ4 ,
U34(σ) = λ3σ3 + λ4σ4 .
(3)
The last term in eq. (1) corresponds to the free electrons,
Ψe which are needed to model the β-equilibrium and
asymmetric nuclear matter present in neutron stars.
The presence of the asymmetric nuclear components
and electrons was not included in our previous calcula-
tion Pósfay et al. (2018, 2019). One of the goal of this
extended work is to estimate the role of the asymmetry.
In the mean field (MF) approximation the kinetic
terms are zero for the mesons and only the fermionic
path integrals have to be calculated at finite chemical
potential and temperature. The only components of the
mesons which are not zero in the mean field approxima-
tion are ω0 = ω and ρ30 = ρ. The calculation can be done
as it is described in for example in Jakovác & Patkós
(2015). The free energy corresponding to the model in
the mean field approximation is given as:
fT = fF (mN − gσσ, µp − gωω + gρρ)
+ fF (mN − gσσ, µn − gωω − gρρ)
+ 12m
2
σσ
2 + Ui(σ)
− 12m
2
ωω
2
− 12m
2
ρρ
2
+ fF (me, µe) ,
(4)
where µp, µn, and µe are the proton neutron and electron
chemical potential respectively. The fF is the free energy
contribution corresponding to one fermionic degree of
freedom:
fF (T,m, µ) = −2T
∫ d 3k
(2pi)3 ln
[
1 + e−β(Ek−µ)
]
,
with E2k = k2 +m2 ,
(5)
which is in the model studied here describes the free
energy of the proton and the neutron. In our calculations
T → 0 is used to describe the cold and dense nuclear
matter of neutron stars. This means that the fermionic
free energy has only two variables, fF (m,µ).
During calculations it is useful to introduce the fol-
lowing notations for the expectation values of the fields:
σ˜ = gσσ ,
ω˜ = gωω ,
ρ˜ = gρρ .
(6)
These new variables in the expression of the free energy
3give a natural way to rescale the couplings:
Ui(σ) = Ui
(
σ˜
gσ
)
,
g˜σ =
mσ
gσ
,
g˜ω =
mω
gω
,
g˜ρ =
mσ
gσ
.
(7)
With these new variables the free energy becomes the
following:
fT = fF (mN − σ˜, µp − ω˜ + ρ˜)
+ fF (mN − σ˜, µp − ω˜ − ρ˜)
+ 12 g˜
2
σx
2 + Ui(σ˜)
− 12 g˜
2
ωω˜
2
− 12 g˜
2
ρρ˜
2
+ fF (me, µe) .
(8)
The fT free energy depends on the electron, proton and
neutron chemical potential and on the expectation values
of the fields. The expectation values can be determined
by the condition that in the physical point the free
energy has extrema:
0 = ∂fT
∂σ˜
=g˜2σσ˜ +
∂Ui(σ˜)
∂σ˜
− ∂fF
∂m
(mN − σ˜, µp − ω˜ + ρ˜)
− ∂fF
∂m
(mN − σ˜, µn − ω˜ − ρ˜)
0 = ∂fT
∂ω˜
=− g˜2ωω˜ −
∂fF
∂µ
(mN − σ˜, µp − ω˜ + ρ˜)
− ∂fF
∂µ
(mN − σ˜, µn − ω˜ − ρ˜)
0 = ∂fT
∂ρ˜
=− g˜2ρρ˜+
∂fF
∂µ
(mN − σ˜, µp − ω˜ + ρ˜)
− ∂fF
∂µ
(mN − σ˜, µn − ω˜ − ρ˜) .
(9)
Here − ∂∂µfF = nF (m,µ) is the fermionic density and
∂
∂mfF = ns(m,µ) is the so called scalar density.
2.1 Solving the mean-field equations for
symmetric nuclear matter
The parameters of nuclear matter are given for the infi-
nite symmetric nuclear matter in Glendenning (1997),
hence to fit the model it has to be solved in the sym-
metric case first. Symmetry means that:
np = nn . (10)
This implies ρ˜ = 0 and µp = µn = µ after substitution
into equations (9). There are no electrons present in the
nucleus which implies ne = 0 and µe = 0, which gives
fF (me, µe) = 0, so the free energy of the system (8)
has no contributions from electrons. This way the these
mean field equations are reduced to two equations and
three variables: σ˜, ω˜, and µ, the nucleon chemical poten-
tial. After specifying the value of the nucleon chemical
potential, the equations can be solved numerically for
the expectation values σ˜ and ω˜. Using the thermody-
namic relations at zero temperature the energy density
of the system can be calculated by:
 = −p+ µn ,
f = −p , (11)
where µ is the nucleon chemical potential and n =
np + nn = −2 ∂∂µfF is the nucleon density coming from
the proton and neutron densities and p = pn + pp is
the nucleon pressure coming from the partial pressure
values corresponding to each nucleon.
2.2 Solving the mean-field equations for
asymmetric nuclear matter
The equation system for the expectation values of the
fields has six variables (σ˜, ω˜, ρ˜, µp, µn, µe) and only
three equations. One additional equation comes from
the condition that the star has to be electrically neutral,
which implies:
np = ne (12)
Using the fact that nF = k
3
F
3pi2 where kF is the fermion’s
Fermi momenta and that k2F = µ2F −m2, where µF is
the fermion chemical potential and m is the mass of the
given fermion. The connection between the electron and
proton chemical potential has the following form:
ke = kp
µ2e −m2e = (µp − ω˜ + ρ˜)2 − (mN − σ˜)2 ,
(13)
where me and µe is the mass and the chemical potential
of the electron, µp is the chemical potential correspond-
ing to the proton and mN is the nucleon mass. A further
equation comes from the β-equilibrium:
n 
 p + e . (14)
The above equation implies the following connection for
the chemical potentials:
µn = µp + µe . (15)
The mean field equations (9) and the above equations
together can be solved numerically as one equations
system after the specification either of the three chemical
potential values, because the other two are determined
by the equations (13) and (15).
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3 PARAMETER FITTING IN THE
EXTENDED σ - ω MODEL
The nuclear parameters are given for infinite symmetric
nuclear matter, thus for the parameter fitting and deter-
mination of the couplings the mean-field equations are
considered in the symmetric case. Here, no electrons are
present and ρ˜ = 0 as it is described in Section 2.2. All of
the models considered here are fitted on the nucleon sat-
uration data found in Glendenning (1997); Meng (2016).
The definition of the Landau mass is,
mL =
kF
vF
with vF =
∂Ek
∂k
∣∣∣∣
k=kF
. (16)
Where k = kF the Fermi-surface and Ek is the dispersion
relation of the nucleons. The Landau mass and the
effective mass is not independent in relativistic mean
field theories:
mL =
√
k2F +m2N,eff . (17)
This is the reason why the Landau mass and the effective
mass of the nucleons can not be fitted simultaneously
in the models we consider Meng (2016). In this paper
we deal with this problem in the following way. We fit
all of the models two times:
(i) using the effective mass value from Table 1 and
(ii) calculated from eq. (17) to reproduce the Landau
mass value from Table 1.
Table 1 Values of the nuclear parameters at the saturation
point.
Parameter Value
Binding energy B −16.3 MeV
Saturation density, n0 0.156 fm−3
Nucleon effective mass, m∗ 0.6 mN
Nucleon Landau mass mL 0.83 mN
Compressibility, K 240 MeV
Asymmetry energy, asym 32.5 MeV
The compression modulus or compressibility of nuclear
matter is defined as,
K = k2F
∂2
∂k2F
( 
n
)
= 9n2 ∂
2
∂n2
( 
n
)
. (18)
At saturation density the compression modulus has a
simple connection to the thermodynamical compressibil-
ity at saturation density, χ:
1
χ
= n∂p
∂n
and K = 9
n0χ
. (19)
The asymmetry energy of nuclear matter is given as,
asym =
1
2
∂2
∂t2
( 
n
)∣∣∣∣
t=0
, (20)
where t = nn−npnB . This value can be fitted only if the
free energy (8) contains non-zero g˜ρ coupling. It’s value
does not effect the calculations when the nuclear matter
is at saturation because in the infinite symmetric nuclear
matter ρ˜ = 0. It modifies the results when the equations
are applied for neutron stars when the β-equilibrium
forces proton–neutron asymmetry.
If the models with U3(σ) and U4(σ) type interaction
terms are used, than there is not enough free parameters
to fit the data in Table 1. In these cases the nucleon
effective mass, saturation density and binding energy
are fitted and the compression modulus is the prediction.
In the case of U34(σ) all four parameters can be fitted
simultaneously and there is another way to incorporate
data regarding both Landau mass and effective mass. For
this model we consider a further fit where the value of
the effective mass is chosen in a way that minimizes the
error coming from not fitting the two types of masses
correctly. Technically this value of the effective mass
minimized the standard error of the fit. It’s optimized
value is:
mopt = 0.6567mN ≈ 616MeV . (21)
Since the compressibility is different for the three model
variants with the given interaction terms they are com-
pared in Table 2. For models with U3(σ) and U4(σ)
there are two fits, for Landau and effective mass which
produce different compressibility values because they
do not have enough free parameters to fit the correct
value. However for U34(σ) there are enough parameters
to fit the compressibility so it has the same value for all
three fits: for the Landau mass, for the effective mass
and for the optimal mass. These three parametrizations
of the same model differ in their predictions for higher
densities of nuclear matter.
Although these compressibility values are higher than
the best estimates from Skyrme-potetnial based mea-
surements in Refs. Colo et al. (2004); Klahn et al. (2006),
consequently such conditions can help us to choose the
most physically-reliable model, U34(σ). Nevertheless, all
considered models result in similar descriptions at po-
tential level.
3.1 Determination of the couplings
To fit the couplings first the expectation values of the
fields has to be determined at the saturation point. The
σ˜0 is the expectation value of the rescaled sigma meson
field and it can be determined after the specification
of the effective nucleon mass at saturation, using the
5Table 2 The value of the compressibility corresponding to
different interactions in the extended σ - ω model defined
by the Lagrangian (1) and scalar interaction terms (3). All
model types are parametrized to reproduce either the Landau
mass or nucleon effective mass values given in Table 1 because
these nuclear parameters can not be fitted simultaneously.
Interaction term K [MeV]
original σ - ω model 563
U3(σ) with effective mass fit 437
U3(σ) with Landau mass fit 247
U4(σ) with effective mass fit 482
U4(σ) with Landau mass fit 334
U34(σ) with Landau and effective mass 240
defining equation of the effective nucleon mass:
mN,eff = mN − σ˜0 . (22)
The ω˜0 expectation values of the rescaled ω field at
saturation can be determined from the condition that
the binding energy B = n −mN must have a minimum
at saturation density:
0 = ∂B
∂n
= µn− 
n2
µ0 = B +mN .
(23)
This has to be substituted into to the definition of the
effective chemical potential:
µ∗0 = µ0 − ω˜0 =
√
m∗ 20 + k2F,0 , (24)
where kF,0 is the nucleon Fermi momenta at the satu-
ration density, which can be obtained from the nuclear
density at saturation: n0 =
2k3F,0
3pi2
The g˜ω coupling can be determined from the second
equation in equation system (9) taking into account that
ρ˜ = 0 and −2 ∂∂µfF = n0 obtaining,
g˜2ω =
n0
ω˜0
. (25)
The self couplings of the σ-meson can be calculated from
the first equation in the equation system (9) by setting
ρ˜ = 0 and ns,0 = ns(m∗0, µ0):
2ns,0 = g˜2σσ˜ +
∂Ui(σ˜)
∂σ˜
. (26)
If Ui(σ) = U3(σ) orU4(σ) in the Lagrangian (1) this
equation contains two variables. A further equation is
provided by the condition that p = −f = 0 at saturation.
Making the necessary substitutions in equation (8) the
second equation required for the couplings is obtained
with ρ˜ = 0 and fF (me, µe) = 0,
0 = 2f(m∗0, µ0 − ω˜0) +
1
2 g˜
2
σσ˜
2
0 + Ui (σ˜0)−
1
2 g˜
2
ωω˜
2
0 .
(27)
Equations (26) and (27) has to be solved together to
determine the remaining couplings. If Ui(σ) = U34(σ)
there are three couplings to be determined. In this case
after solving (26) and (27) one coupling is still undeter-
mined. This freedom can be used to fit the compression
modulus of the nuclear matter at saturation density.
The coupling g˜ρ can be determined as it is described
in Glendenning (1997) using the definition of symmetry
energy in eq. (20) :
asym =
k3F
3pi2
1
g˜2ρ
+ k
2
F
6
√
k2F +m∗ 2
. (28)
Phys. Rev. C 70(2), 024307 (2004)
4 NUCLEAR EQUATION OF STATE FOR
ASYMMETRIC MATTER
In this section equation of states corresponding to differ-
ent parametrizations of the asymmetric extended σ-ω
model given by eq. (1) are compared. As mentioned
above parameters describing nuclear matter are fitted
with the appropriate symmetric nuclear matter data.
These parameters then are used when the effect of β-
equilibrium is taken into account. The equation of state
and nuclear properties corresponding to the symmetric
version of the same models and parametrizations studied
here can be found in Pósfay et al. (2019).
Models with three types of interaction terms
(U3(σ), U4(σ), and U34(σ)) are considered using two
parametrizations corresponding to Landau mass and
effective mass for each variant. In the case of the model
characterized by the interaction term U34(σ), a third
type of fit was applied in addition using the effective
mass value from eq. (21).
The energy density, pressure, and density is calculated
in all of these models. The calculated equation of states
corresponding to these models are shown on Fig. 1. The
results from the extended σ-ω model are compared to
the SQM3, AP4 and WFF1 equaiton of state taken
from Prakash et al. (1995); Akmal et al. (1998); Wiringa
et al. (1988). For the sake of completeness and compa-
rability the EoS of the original σ-ω model is also show
on Fig. 1.
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 8×109
 9×109
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 Pressure, p [MeV4]
M. Prakash et al., PRD 52, 661 (1995); SQM3
R.B. Wiringa et al., PRC 38, 1010 (1988); WFF1
A. Akmal, V.R. Pandharipande, PRC 58, 1804 (1998); AP4
original σ-ω model
σ-ω model + σ4 ; m* fit
σ-ω model + σ4 ; mL fit
σ-ω model + σ3 ; m* fit
σ-ω model + σ3 ; mL fit
σ-ω model + σ3 +σ4 ; m* fit
σ-ω model + σ3 +σ4 ; mL fit
σ-ω model + σ3 +σ4 ; mopt fit
Figure 1. The EoS of the different parametrizations of the σ-ω
model for asymmetric matter. The EoS parametrized to reproduce
Landau mass has filled symbols, and the other EoS which are
fitted on the effective mass has open symbols. For comparison the
SQM3, AP4 and WFF1 equation of state was taken by Prakash
et al. (1995); Akmal et al. (1998); Wiringa et al. (1988).
There are several important features of the EoS dia-
grams show on Fig. 1, listed here:
• The different EoS’ are arranged on the p- plane
according to the value of the effective mass. Regard-
less of the interaction type used in the extended
σ-ω model the EoS of the models fitted on the same
value of the effective nucleon mass,mN,eff run close
to each other. According to this, the EoS curves
presented on Fig. 1, form two bands correspond-
ing to the possible ways to fit the models on the
data presented in Table 1. The models are either
parametrized to reproduce the value of the Landau
mass mL or the nucleon effective mass m∗. The EoS
of the model which is fitted on the optimal nucleon
mass mopt runs between the two bands of EoS men-
tioned above, corresponding to the fact that the
optimal nucleon mass is between the effective and
Landau mass.
• The above mentioned behaviour of the EoS is
present in the symmetric σ-ω model as well Pósfay
et al. (2019). This means that the inclusion of the
β-equilibrium affect the different model variants in
a similar way and diagrams retain their relative
positions to each other.
• There is weak correspondence between the value
of the compression modulus and the behaviour of
the EoS on Fig. 1. This can be seen clearly by com-
paring the EoS of the models with the U34(σ) type
interaction term with the value of the compression
modulus in the models which can be found in Ta-
ble 2. The value of the compression modulus in all
cases is 240MeV and the only difference between
the models is the value of the effective nucleon mass,
mN,eff . The graphs of the EoS are arranged accord-
ing to the values of the effective nucleon mass and
they are far apart on the p- plane despite the fact
that the value of the compression modulus is the
same.
To summarize, the value of the effective mass influ-
ences the behaviour of the EoS more than the compres-
sion modulus and the symmetry energy. If the model
is parametrized to reproduce the Landau mass then at
given pressure the energy density is higher than it would
be in the same model if it was parametrized to repro-
duce the nucleon effective mass value m∗. The EoS of
different variants of the σ-ω model with different inter-
action terms are very close to each other if the value
of the nucleon effective mass is the same in the mod-
els, despite the fact that the compression modulus has
different values in these model variants.
5 SOLVING THE
TOLMAN–OPPENHEIMER–VOLKOFF
EQUATIONS
The Tolman –Oppenheimer –Volkoff equations (TOV)
are used to calculate the properties of neutron stars
corresponding to the models presented on Fig. 1. The
TOV equations give the general relativistic description
of the compact stars assuming spherically symmetric
space time and time independence as it is described
in Glendenning (1997); Haensel et al. (2007):
dp(r)
dr = −
G(r)m(r)
r2
×[
1 + p(r)
(r)
] [
1 + 4pir
3p(r)
m(r)
] [
1− 2Gm(r)
r
]−1
dm(r)
dr = 4pir
2(r)
(29)
where p(r) and (r) are the pressure and energy density
as functions of the radius of the star, G is the gravita-
tional constant while m(r) is the mass of the star which
is included in the mass shells up to the radius, r. To
integrate the equations one need a connection between
p(r) and (r) at given r, which is provided by the EoS
in the form of the relation p(r) = p((r)). To start the
integration one has to choose a central energy density
values, c for the star as an initial condition.
It is unrealistic to use the EoS presented above, during
the full integration of the TOV equations, because the
crust of the neutron stars is not described by the nuclear
equation of state by Haensel et al. (2007); Chamel &
Haensel (2008). This problem can be solved by switching
to a crust equation of state at the lower pressures where
the nuclear EoS is no longer valid Glendenning (1997);
Haensel et al. (2007). We note that any kind of inclusion
of the crust equation of state introduces a new variable
in the analysis and makes it more challenging to study
the effect of nuclear equation of state on neutron star
7observables. To circumvent this in our analysis we used
a different method.
5.1 The core approximation
To calculate the M -R diagram of neutron stars in this
paper a conservative approximation is employed. The
integration of the TOV equations is stopped when the
crust of the neutron stars is reached. This means that
the part corresponding to the crust is never calculated
thus the mass and the radius values resulting from the
calculations is smaller than it would be if the integra-
tion was continued. The advantage of this method is
that it allows a reasonable approximation of the M -R
diagram while it does not introduce the effect of the
crust equation of state and nuclear equation of state is
used only where it is valid. These features are important
in this analysis as the aim of this paper is to study
the relations between microscopic parameters of nuclear
matter and neutron star observable like mass and radius.
The inclusion of crust equation of state introduces other
parameters which are not belong to the nuclear EoS de-
scribing the core of the star. For the sake of simplicity the
calculation method described above is referred as core
approximation in this paper. We are aware that crust
can play a crucial role in determining physical properties
of small mass neutron start, M < M. Our strategy
is to consider larger-mass compact objects, where this
effect is diminished Weih et al. (2019).
5.2 Remarks on the crust
There is still one parameter in the core approximation
which is introduced by the crust EoS. This is the value
of the pressure called p0 where the integration of the
TOV equations is stopped. In the calculations presented
in this paper the BPS equation of state is used to deter-
mine the pressure value where the core of the neutron
star ends and the integration of the TOV equations is
stopped Baym et al. (1971). The results presented here
are representative as it is found that in the core ap-
proximation the precise value of the pressure where the
integration is stopped is not that important, from the
point of view of the M -R diagram. The BPS equation
of state only serves as a guide to set the correct order
of magnitude for p0.
The above mentioned core approximation is a conser-
vative method to calculate the M -R diagram, because
the crust is not taken into account. To better understand
the difference between the core approximation and the
original method, where integration of the TOV equa-
tions is continued through the neutron star crust, the
results of the two methods is compared on Fig. 2. Two
types of M -R diagram are used in the comparison. Both
of them predict that as the mass of the compact object
become smaller the radius is also decreasing, but as the
star mass becomes really small, . 0.3M, one type of
curve continues this trend, and the other turns back,
and predicts larger and larger radius as the mass of the
neutron star are becoming smaller and smaller. These
two types of M -R diagram behaves differently in the
core approximation. In the case of the diagram which
continues the original trend the core approximation and
the original method has smaller difference than the line
width on the diagram. The M -R diagram which turns
back from the original trend, and predicts larger radii
at smaller masses, behaves differently: the difference
between the two calculations is around 1-3% for mid-
dle and low mass neutron stars and grows as the star
mass becomes smaller. At high mass stars however the
difference is smaller than the line width.
To summarize, the calculation based on the core ap-
proximation is very precise prediction for the high-mass
neutron stars and in the worst case scenario it predicts
a few percent smaller radius for mid- and low mass
neutron stars.
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Figure 2. M-R diagrams corresponding to the extended σ-ω
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6 COMPACT STARS IN THE EFFECTIVE
MODELS
After solving the TOV equations using the method de-
scribed above the mass and radius of a compact star
with a given energy density can be determined. Results
corresponding to different energy densities in a given
model are summarized on a mass-radius diagram. We
have calculated theM -R diagram assuming nuclear mat-
ter in β-equilibrium in neutron stars and compared our
results to calculations assuming symmetric infinite nu-
clear matter Pósfay et al. (2019). In the symmetric case
we consider the same models without the β-equilibrium
which permits us to directly compare the symmetric
and asymmetric cases and study the effect of assuming
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asymmetric matter on theM -R diagram. The results are
shown on Fig. 3. The model variants in both symmetric
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Figure 3. Mass-radius diagram for the different parametrizations
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model is also drawn in red for comparison. Color lines correspond
to the assumption of symmetric nuclear matter and are taken
from Pósfay et al. (2019) and black lines correspond to matter in
β-equilibrium. The same models have the same type of symbols
on their respective curves.
and asymmetric case show similar behaviour as the EoS
on Fig. 1: the curves separate based on whether or not
they are parametrized to reproduce the effective mass or
Landau mass. Models with smaller effective mass system-
atically produce higher maximum mass stars compared
to their parametrization with larger effective mass (Lan-
dau mass). Moreover all models fitted for the effective
mass value in Table 1 produce higher maximum star
mass than the ones fitted for the Landau mass. Since
the Landau mass and effective mass are not indepen-
dent (16) the above statement is equivalent to saying
that higher effective mass produces smaller maximum
star mass. This picture is supported by the curve cor-
responding to the model variant parametrized by the
optimal mass eq. (21), which is the best fit of the model.
The maximum star mass in this case is between the val-
ues produced by parametrizations described by smaller
and larger effective nucleon mass than the optimal mass
value.
The above means that including β-equilibrium and
asymmetry in the extended σ-ω model changes theM -R
diagram in a consistent way. The relative positions of
the curves remains as it was in the symmetric case. They
retain the separation of the M -R curves corresponding
to the effective mass as discussed above. If a model
in the symmetric case produces higher maximum star
mass than another than this will be the same for the
asymmetric case. A similar observations can be made
for the maximum radius of the stars.
The effect of including β-equilibrium on a single M -R
also clear: it increases the maximum neutron star mass
and the radius compared to pure symmetric nuclear
matter case. The effect of including asymmetry is much
larger on the neutron star radius than on the maximum
neutron star mass. This means that very precise mass
and radius measurements are needed to detect effect of
asymmetric nuclear matter on the M -R diagram.
It is important to note that parametrizations corre-
sponding to the effective mass and to the optimal mass
values are ruled out by observations as the produce too
high maximum star mass and radius in both symmet-
ric and asymmetric cases Özel & Freire (2016). The
parametrizations corresponding to the Landau-mass are
also very close to the limiting maximal neutron star
mass. This means that in the case of the extended σ-ω
model higher values of Landau mass (effective mass)
are needed to reproduce the neutron star measurements
than nuclear physics data in Table 1 would suggest.
This can be reconciled by the fact that the extended σ-ω
model is effective and it’s parameters are not strictly
translate into the measured properties of nuclear mat-
ter. It is also worth to mentions, that it is known that
including higher mass nucleons, hyperons in the EoS
reduces the maximum neutron star mass Glendenning
(1997). It is possible that including heavier hadrons in
the σ-ω model will balance the effect of effective nucleon
mass and would produce neutron stars in the correct
maximum mass range using smaller Landau mass values.
The value of compressibility in these models seems
to influence very little the maximum star mass, but at
the same time it has an effect on the compactness by
influencing the radius of the star which can be seen on
Fig. 3 by looking at the curves belonging to the fits
with the same effective mass (Landau mass). In these
models all of the parameters are the same which listed
in Table 1 apart from the compressibility.
7 CONNECTION BETWEEN COMPACT
STAR OBSERVABLES AND NUCLEAR
PARAMETERS
So far we have presented the strong connection between
the nuclear effective mass and maximum star mass. The
model variant with interaction term U34(σ) is chosen to
further investigate this phenomena and to study how
the asymmetry energy and the compression modulus
influence the M -R diagram. This model variant has
enough free parameters to fit all of the nuclear saturation
data listed in Table 1 except the Landau mass and
effective mass which can not be fitted simultaneously. To
determine how the values of the microscopic parameters
of nuclear matter influence the M -R diagram various
models fits are calculated with different values of nuclear
parameters.
The calculations are done in a following way. First
the nuclear parameter is chosen which will vary while
the others will be kept constant. For every value of
the changing nuclear parameter the model couplings
are recalculated so it reproduces the other constant
9parameters which does not change. This way for every
value of the changing parameter there is a (slightly)
different EoS. TheM -R diagrams corresponding to these
EoS are calculated solving the TOV-equations.
We have picked the most characteristic point of a
typicalM -R diagram to study how neutron stars change
as the nuclear parameters change. As it can be seen
on Fig. 3 on every M -R curve exits a star which mass
is the largest, the Maximum Mass Star (MMS). The
mass and radius of a MMS is determined as functions
of the nuclear parameters and the M -R diagrams are
calculated from the EoS associated to the different values
of the nuclear parameters.
The results of these calculations for the maximal mass
star can be seen on Figs. 4. Interestingly, linear approxi-
mation works very well to describe how the mass and
radius of the MMS depend on the value of Landau mass
of nucleons, on the compression modulus, and on the
value of the asymmetry energy. The best linear fit is
plotted as a red dashed line and a blue band of error is
also drawn which in some cases is hardly noticeable. The
linear approximation works perfectly for MMS where the
error of the linear fit is the smallest. The linear relation
is used to translate the mass observations to predictions
of the values of nuclear parameters. An errorbar in M ,
results in uncertainty in the mL values. In case of the
R(mL) function this works reversely: the so-determined
uncertainty in mL can be transferred to the errorbars in
the radius. We also indicated the masses of known MMS
objects on Fig. 4, with the corresponding observational
and theoretical uncertainties. See details in Section 9.
Comparing the parameters of the fitted linear func-
tions sheds light on how strongly different nuclear pa-
rameters influence the neutron star parameters. The
fitting parameters can be found in Table 3 for MMS.
To make the comparison more obvious in Table 3
every nuclear parameter is measured in its respective
saturation value. The connections between the fits in
Figs. 4 together with the data in Table 3 is the following:
f(ξ) = (a′ξ0)
(
ξ
ξ0
)
+ b ,
a = a′ξ0,
(30)
where parameter, a′ is the slope of the linear function
plotted on Fig. 4, while the rescaled slope, a used in the
tables and ξ0 is the saturation value of the tuned nuclear
parameter. We note specific equations are explicitly
given in Figs. 4.
Applying this re-scaling for MMS values, the slopes
of the linear functions correspond to the same percent-
age of change in the different parameters. Larger slope
means larger variation in neutron star mass or radius
for the same relative deviation in the studied nuclear
parameters.
It can be concluded that in case of the MMS the
mass and the radius are much more influenced by the
nuclear effective mass than the nuclear compressibility
and varying the asymmetry energy causes even smaller
changes. However as it can be seen on Fig. 3 that includ-
ing the β-equilibrium (and hence asymmetry energy)
in the calculations is important because the interaction
terms introduced into the symmetric Lagrangian cause
a change in the maximum star mass and radius. An im-
portant consequence of the above mentioned properties
is that the precise value of the asymmetry energy is not
relevant in the extended σ-ω model to study the M -R
diagram because varying its value barely changes the
M -R curve.
Table 3 Parameters of the linear fits describing how ob-
servable parameters of neutron stars depend on various pa-
rameters of nuclear matter. A neutron stars considered from
the M -R diagram is the maximum mass star and ’SD’ is the
standard deviation of the fit.
Fit parameters for MMS a b SD
Effective mass
Mass dependence -3.38 5.4 0.008
Radius dependence -8.1 19.04 0.17
Compression modulus
Mass dependence 0.26 1.77 0.014
Radius dependence 1.86 8.88 0.14
Asymmetry energy
Mass dependence 0.03 2.062 0.001
Radius dependence 0.57 10.27 0.041
Table 3 also reveals that linear approximation works
better to describe the mass dependence of the MMS
than to describe radius dependence since the standard
errors of the fits were the smallest in these cases. The
mass of the MMS depends approximately 10 times more
strongly on nucleon Landau mass than on the compres-
sion modulus and it depends ∼100 times more strongly
on Landau mass than on the value of asymmetry energy.
In the case of the radius of MMS it depends ∼5 times
more on the Landau mass then on the compression mod-
ulus and ∼10 times more on Landau mass then on the
asymmetry energy. It can be stated generally that the
compression modulus and asymmetry energy influences
the radius of MMS stronger than their mass, because
the slopes in the table has the highest relative values.
We note that this has an interesting application if one
takes into consideration that measurements regarding
neutron star masses has higher precision than radius
measurements. At a given accuracy this suggest that the
mass constraints provided by measurements can be met
with tuning only one parameter, the Landau mass, in
these models.
To summarize: different microscopic nuclear param-
eters influence different parts of the M -R diagram dif-
10 P. Pósfay et al.
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Figure 4. Maximum mass star parameters as functions of different nuclear parameters. The data is drawn as black crosses, the best
linear fit is plotted as a dashed red line and finally the band of error is drawn as a blue region around the red line. Observation data
points are explained in the text.
ferently in the case of the extended σ-ω model. The
value of the Landau effective mass influences neutron
star parameters much stronger than the other two pa-
rameters. This means that high precision radius and
mass measurements seems to be crucial for the fitting
of the models, because these would make it possible to
separate the smaller effect of the compression modulus
and asymmetry energy from the robust effect of Landau
mass.
8 THE EFFECT OF THE LOW-ENERGY
EOS ON THE M-R DIAGRAM
In our calculations the effect of the low-energy, neutron
stars crust EoS is not taken into account to focus on the
effects of the high-density nuclear EoS. The inclusion of
the crust EoS would introduce several new parameters
which would make it challenging to extract the informa-
tion regarding the high-density nuclear matter from the
results. Our calculations are conservative regarding the
mass and the radius of the neutron stars. To get a better
picture how our result can be used in more realistic
scenario for example in neutron star observations we
calculated the M -R diagram of the best fitting model
in three ways.
(i) Conservative: the TOV equations are integrated
using the high-density nuclear EoS. In this case the
model is the extended σ-ω model with both the 3rd
and 4th order interaction terms are fitted on the
value of the Landau mass.
(ii) Core calculation: the integration of the TOV equa-
tions is stopped at the edge of the core and the
crust in not calculated. This is the above mentioned
core approximation.
(iii) Core with crust calculation: the BPS equations of
state is used to describe the crust and finish the inte-
gration of the TOV equations at low densities Baym
et al. (1971).
The comparison of these three ways of calculating the
M -R diagram is shown on Figure 5. As it can be seen
the crust EoS influences the M -R diagram in the region
of low- and intermediate-mass neutron stars more than
the high-mass neutron stars in accordance with other
results summarized by Weih et al. (2019). The inclusion
of a more realistic crust EoS increased the maximum
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radius of the neutron stars considerably but it has small
effect on the value of the maximum star mass. This
means that our results regarding the maximum mass
stars can carry on for more realistic cases and neutron
star measurements. From the microscopic parameters
of nuclear matter we consider here the nucleon effective
mass has much larger influence on the maximum star
mass than the others. The calculated curves presented
on Figure 5 suggest that this result is more general as
the crust EoS has little influence on the value of the
maximum star mass. This means that observed neutron
star parameter measurements can be used to set the
correct value of the effective nucleon mass in the σ-
ω model because the maximum neutron star mass is
less sensitive to the microscopic parameters beyond the
effective mass.
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Figure 5. Three different calculations of the M-R diagram
corresponding to extended σ-ω model fitted on the Landau mass.
The red line (full circle) is the core approximation, the most
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to calculation (ii), where only the high energy nuclear equations
is used during the integration of the TOV equations. The green
line (diamonds) corresponds to the calculation (iii), where the σ-ω
model is used to describe the core of the stars and in the crust it
is switched to the BPS low-energy EoS by Baym et al. (1971).
As mentioned above the effect of other two microscopic
parameters studied here can be seen best on the radius
of the star. Since the effects of the low energy EoS are
the largest in the same region the study of the effect of
compression modulus and asymmetry energy in realistic
neutron star data is challenging and has to be carried out
together with the study of the effect of the low-energy
EoS. These results can be understood intuitively since
both the compression modulus and symmetry energy
characterize the nuclear EoS at low energies just as the
EoS describing the neutron star crust according to Weih
et al. (2019).
9 DISCUSSION: APPLICATION OF THE
RESULTS IN MODEL FITTING
All constraints available for the nuclear matter model
from compact star observations are suffer from the
masquarade problem, thus investigation of specific mod-
els and parameter values are uncertain. Since the ac-
curacy of astronomical instruments developed well, the
amount of data has been increased and further rich
data are expected soon, providing quantitative uncer-
tainties and clear parameter dependencies in the era of
the multi-channel astronomy. However, the first pulsar,
PSR J0030+0451, with joint mass and radius measure-
ment has been added to the M -R diagram Riley et al.
(2019), we are still far from the high-statistics to provide
strong statement on the nuclear matter EoS.
From all of the nuclear parameters considered here,
effective mass stands out in the sense that it is connected
to two independently measurable physical parameters
of symmetric nuclear matter: effective mass and Landau
mass. This means that in relativistic mean field models
the nucleon effective and Landau mass are not inde-
pendent, and therefore can not be fitted simultaneously.
As stated above models which are parametrized to re-
produce the measured value of nucleon Landau mass
produce neutron stars with mass and radius which is
the closest to the astrophysical observational data. It
was also shown that the maximum neutron star mass
depends approximately linearly on nucleon Landau mass.
Using this connection the model can be fitted very sim-
ply to reproduce measured data regarding maximal-mass
as follows.
Based on the existing data and our assumptions the
highest mass of a neutron star is a well-determined
and best candidate to use for experimental valida-
tion of our results. For this reason, we use the
highest-mass pulsar data for the verification, with
small errors due to the precision of the Shapiro-delay
method: PSR J1614−2230 (Demorest et al. (2010a)),
PSR J0348+0432 (Antoniadis et al. (2013)), and PSR
J0740+6620 (Cromartie et al. (2019)). Based on the data
in Table. 4 and fits in Fig. 4, the connection between
Landau mass in MeV and maximum star mass in M
and the radius of the maximal-mass neutron star in km
units is the following,
MmaxM [M] = 5.418− 0.0043mL[MeV] , (31)
RmaxM [km] = 19.04− 0.0104mL[MeV] . (32)
The fits have theoretical uncertainties which was char-
acterized by the χ2-method for MmaxM [M] and
RmaxM [km] these are 0.8% and 17%, respectively.
Supported by the Refs. Freire et al. (2008); Rezzolla
et al. (2018); Özel & Freire (2016) one can assume, PSR
J1614-2230, PSR J0348+0432, and PSR J0740+6620
masses are (close) to maximal mass pulsars, in which
case Landau mass can be calculated from measured
MmaxM values using eq. (31), then RmaxM can be also
obtained from eq. (32). The main motivation for this
is that the maximal mass is unsensitive to the model
variants as on Fig. 5, especially after fixing the relevant
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physical parameter, mL and deal with the proper bunch
on Fig. 3. For this reason the core of the neutron star
will dominate and determine the overall nuclear matter
EoS Demorest et al. (2010b).
Using this assumption we calculated the Landau mass
value based on the mass of the pulsars in each case us-
ing eq. (31). Then we inserted the Landau mass values
obtained from the pulsar data into eq. (32) to calcu-
late the corresponding radius values for the maximum
mass stars. Results including both observational and
calculated data and theoretical uncertainties are listed
in Table 4 below, where measured values are denoted by
’∗’. Landau mass values including their errors are plotted
on Fig. 4a. Vertical errors are from the measured data,
while horizontal errors includes theoretical uncertainties
together with the error of the observation as well. It is
interesting to see, that all predictions are overlapping
within the errors, and provide an average value,
mL = 776.0+38.5−84.9 MeV, (33)
confirming the assumption on the relevance of the maxi-
mal mass neutron star fit.
The predicted values of the maximum mass neutron
star radii and their uncertainties are plotted on Fig. 4b.
All three values predict neutron star radius between
10.5− 12 km, highlighting the masquarade problem in
this one-parameter system: the value of the macroscopic
parameters (here the radii of MMS) is very similar for
different values of the microscopic parameter (here the
Landau mass). Here this property can be used to give a
robust estimation for the radius of the MMS considering
the fact, that as it can be seen on Fig. 5 in the case
of MMS other factors like the crust has minimal effect
and the effect of the core is dominated by the value of
the Landau mass. The magnitude of uncertainty corre-
sponding to the observation based value of microscopical
nuclear parameters, c.f. masquarade problem, including
all the theoretical uncertainties and errors, is about 10%,
which corresponds to our recent estimates in Pósfay et al.
(2019, 2018).
To demonstrate how good are the linear approxima-
tions in equation (31) and in relation with this in equa-
tion (32) the model was fitted two times: for the max-
imum possible value of the Landau mass and for the
lowest one. The different EoS corresponding to these
fits than used to solve the TOV equations and calculate
the M -R diagrams for each fit. The results can be seen
on Fig. 6. The deviance in the M -R diagram caused
by the deviance in Landau mass is the largest for stars
with mass above 1.5M and it is zero below 1M. The
experimental data regarding the maximum star mass
is reproduced up to two digit precision using the linear
approximation in equations (31) and (32).
It is interesting to see, although the masquarade prom-
lem, the mean microscopical nuclear values are pretty
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precise and physically relevant on the other hand to-
gether with the macroscopical observables provide a
comprehensive picture with a strong predictive power.
This governed us to the RmaxM radii predictions of max-
imal mass pulsars: PSR J1614−2230, PSR J0348+0432,
and PSR J0740+6620 as listed in Table 4 above. As it
was proposed by Miller (2016), NICER collecting data
on PSR J1614−2230, thus our prediction hopefully can
be cross checked soon with Wolff et al. (2019).
10 SUMMARY
We investigated the masquarade problem: the effect of
nuclear model parameters on the compact star’s macro-
scopic observable parameters, mass and radius were
analyzed in details. We studied the extended σ-ω model
Lagrangian with three different interaction terms and op-
timized nuclear parameter values to calculate the dense
nuclear matter equation of state. These were inserted to
a static, spherically symmetric space-time, and using the
Tolman –Oppenheimer –Volkoff equation, observable pa-
rameters of neutron stars were calculated.
We investigated, that both the 3rd and 4th order scalar
terms are required for the best description of the nu-
clear matter equation of state. In this case the effective
mass can be chosen optimally in accordance with the
nuclear experimental data. We identified, that the opti-
mal Landau effective mass is the most relevant physical
parameter modifying the macroscopic observable values,
followed by the compressibility and symmetry energy
terms. The variation of these nuclear parameters gen-
erate one-one order of magnitude smaller effect on the
maximal mass value of the MMS, respectively,
∆Mmax(δmL)
10×
> ∆Mmax(δK)
10×
> ∆Mmax(δasym),
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Table 4 The Landau mass value calculated via eq. (31) from measured pulsar mass data, assuming that these are
maximal-mass neutron stars. Radius of the maximal-mass neutron star is also calculated form eq. (32).
Pulsar MmaxM [M] RmaxM [km] mL[MeV]
PSR J0740+6620 2.17+0.11∗−0.10 11.26+1.67−1.68 748.39+63.2−57.2
PSR J0348+0432 2.01+0.04∗−0.04 10.87+1.32−1.28 785.25+20.0−20.3
PSR J1614−2230 1.97+0.04∗−0.04 10.77+1.32−1.29 794.47+20.1−20.4
Moreover, we obtained that in case of the maximum
mass compact star the mass and radius of the star’s
core depend linearly well on the studied microscopic
nuclear parameter values within the physically relevant
parameter range. We also estimated the magnitude of the
maximal mass pulsars’ radii of PSR J1614−2230, PSR
J0348+0432, and PSR J0740+6620 with the theoretical
uncertainties arising from the interaction terms of the
nuclear matter and their parameter values choice.
Using our results regarding the masquarade problem
we estimated the value of the Landau effective mass
based on modern pulsar mass measurements. The re-
sult is mL = 776.0+38.5−84.9 MeV which is within agreement
with nuclear physics data. The interplay between dif-
ferent nuclear parameters is not taken into account in
this calculation apart from the obtained effects’ orders.
For further investigation of this assumption we found
similar results by a Bayesian analysis applying different
experimental data constraints in Alvarez-Castillo et al.
(2020). Based on this preliminary results we can give
magnitude-estimation of the radius of the maximum
mass star in a more general way – without restricting
our results on MMS.
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